Abstract-This paper investigates the distributed finitetime restoration of inverter voltage and frequency terms in an islanded ac microgrid. Formulating networked inverters of ac microgrids as a cooperative multiagent system, the voltage and frequency restoration can be cast as synchronization problems, while the active power sharing can be viewed as a consensus problem. One popular distributed control approach is the neighbor-based linear consensus protocol, where the consensus at the frequency and voltage set points is achieved over an infinite-time horizon with an exponential convergence. To achieve accelerated convergence and better disturbance rejection properties, a distributed finite-time control protocol, based on feedback linearization approach, is proposed for voltage restoration, which synchronizes the voltage term at each inverter to the reference value in finite time period. Then, a finite-time control protocol for both frequency restoration and active power sharing problems is proposed to synchronize the microgrid frequency to the nominal value, and share the active power among inverters based on their ratings in a finite time. Rigorous Lyapunov proofs are provided to establish the upper bounds on the convergence times. Numerical simulation studies verify the effectiveness of the proposed control protocols.
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I. INTRODUCTION
H IERARCHICAL control structure of islanded microgrid systems has recently been adopted in the literature [1] . It divides the microgrid control structure into three layers, namely, primary, secondary, and tertiary control levels. The primary control is locally implemented at each distributed generation (DG) unit, mainly through conventional droop control mechanisms. Despite modularity of decentralized controllers used in droop mechanisms, they lead to deviation of voltage and frequency from their reference points. The secondary control level compensates for the deviation caused by the primary controller and restores the frequency and voltage terms to their reference values. Such secondary control layers are conventionally implemented in a centralized fashion, which provides global commands based on information collected from the entire microgrid. This requires a complex, bidirectional, and fully connected communication network, which affects the flexibility, configurability, and reliability of the entire system. Of particular concerns is the central controller that manages and executes on a large set of data, hence becoming a reliability bottleneck by exposing a single point-of-failure.
Alternatively, distributed control of multiinverter ac microgrids has recently received significant attention in the literature [1] - [12] as they provide suitable remedies to problems of single point-of-failure and complicated two-way communication network of central control schemes. Such distributed control protocols use a sparse communication network by which each agent exchanges information only with its neighboring agents on sparse communication graph. Considering inverters as agents, the secondary frequency and voltage restoration control and active power sharing problems resemble tracking synchronization and consensus procedures of a networked multiagent system, respectively. Existing distributed control approaches are based on the neighbor-based linear consensus protocol [13] , where the convergence is achieved over an infinite-time horizon, which can severely limit the controller performance.
The convergence rate of synchronization process toward the consensus value is an important performance index; it is highly desired to accelerate the convergence, and even guarantee the consensus in a finite time [14] - [18] . Moreover, finite-time control also achieves better transient behavior, high-precision control performance, robustness against uncertainties, and better disturbance rejection properties [19] - [24] , which have already been applied in aerospace and robotics. These features are also beneficial to low-inertia microgrid systems to help retain an acceptable behavior in the presence of varying unknown loads and plug-and-play renewable generations.
The works constructing continuous finite-time consensus protocols for multiagent systems based on continuous functions are provided in [14] . The finite-time tracking problem is studied in [15] and [16] . Cortés [17] considers a discontinuous protocol as the signum of sums of relative states among neighbor nodes. That protocol requires full state measurements of all neighbor states. Hui et al. [18] considered the sum of signums of relative states measurements. Both [17] and [18] consider leaderless scenarios, where the nodes converge to an uncontrollable consensus value that depends on the initial states.
Employing finite-time control protocols in multiinverter systems can achieve accelerated frequency and voltage restoration and active power sharing, and better disturbance rejection, in a distributed fashion and within a desired time frame. Distributed finite-time secondary control of ac microgrids are sparse in the literature [25] - [27] . Finite-time frequency control in [25] requires detail-balanced subgraphs in the communication network. An iterative algorithm in [26] allows a set of interconnected nodes to reach an approximate consensus in a finite time. Finite-time voltage restoration control is proposed in [27] , while the finite-time control of frequency synchronization and active power regulation is not discussed. By contrast, the salient contributions of this paper are as follows.
1) Finite-time protocols are provided for both secondary voltage and frequency restoration problems, as well as active power sharing among participating inverters. 2) Extending the result from finite-time stabilization problem of single double-integrator system to that of the networked double-integrator systems, stability proofs, based on Lyapunov techniques, are provided for the secondary voltage restoration control problem. The upper bound on the convergence time, T v , is established, which can be set by tuning the voltage controller gains. 3) Stability proofs, based on Lyapunov techniques, are provided for frequency restoration and active power sharing, using a single control protocol. The upper bound on the convergence time, T f , is established, which can be set by tuning the frequency controller gains. T f depends on both a synchronization graph Laplacian and a consensus graph Laplacian. 4) Distributed cooperative control of multiagent systems is used to implement a reliable secondary control structure for islanded microgrids. Each inverter requires only its local information and the information of its neighbors on an undirected connected communication network. Therefore, the proposed method is fully distributed. The rest of this paper is organized as follows. Section II introduces the preliminaries of graph theory and microgrid dynamics. Section III discusses the distributed finite-time secondary voltage and frequency restoration problems in ac microgrids. Simulation case studies validate the proposed control protocols in Section IV. Section V concludes this paper. 
II. PRELIMINARIES
The set of neighbors of node i is denoted as
In this paper, both the physical network and the communication graph are modeled as an undirected connected graph G, and the pinning gain g i > 0 for one DG with access to the reference value. G = diag(g i ) ∈ R N ×N is the diagonal matrix of pinning gains. 
B. Dynamic Modeling of AC Microgrids
The microgrid block diagram is depicted in Fig. 2 . Each inverter contains a primary dc power source, the inverter bridge, and internal power, voltage, and current control loops [4] , [10] , [25] , [28] . The voltage and current controller dynamics are
where v odi , v oqi , i odi , and i oqi are the direct and quadrature components of output voltage and current for the ith inverter.
The power controller dynamics are
where P i and Q i are measured active and reactive power at terminals of ith inverter, respectively. ω ci is the cutoff frequency of the low-pass filters used in measuring power. The output LC filter and connector dynamics are
The nonlinear dynamic model of the ac microgrids is the collection of (1), (2), and (3) in a compact form aṡ
where the state vector is
, and h i (x i ) are presented in [4] and are omitted here for brevity. A feedback linearization approach [3] , [29] is used here for voltage and frequency synchronization. Differentiate the output of each agent in (5) to obtaiṅ
where
F i denotes Lie derivative. Next, the power flow between inverters and the distribution network, and within the distribution network, are shown. The complex power delivered from the ith inverter to the ith bus is
with the output inverter voltage v mag,i ∠θ i , the bus voltage v bus,i ∠β i , and the combined output filter and connector impedance denoted as Z i ∠δ i . The complex power delivered from the ith to the jth bus is
C. Finite-Time Restoration
From (7), the real and reactive powers from ith inverter to ith bus are obtained, respectively, as ⎧ ⎨
Assume the effective line impedance, Z i ∠δ i is purely inductive, δ i = 90
• , and the phase difference between the ith inverter voltage and the bus voltage, θ i − β i , is small enough. Then, (9) can be formulated as ⎧ ⎨
which leads to linear relationships for (P i , ω i ) and (Q i , v i ). Thus, the frequency and voltage droop characteristics can be used to tune the inverter's frequency and voltage via conventional droop mechanisms
where ω i is the angular frequency and v mag,i is the output voltage magnitude. Tuning the voltage magnitudes, v mag,i , is equivalent to turning the direct term of output voltage, v odi , after the Park transformation. ω ni and V ni are the primary control references, which are selected at the secondary control level. n Pi and n Qi are the droop coefficients that are selected based on the inverter's active and reactive power ratings. The control input, V ni , is sought to solve the voltage restoration problem within a finite time, if there exists a settling time,
Taking into account the electrical network interconnections, the control objectives of voltage restoration and reactive power sharing cannot be satisfied simultaneously, except for a perfectly symmetric setup [11] . Therefore, in this paper, we only discuss the voltage restoration problem.
Moreover, the control inputs, ω ni , is sought to solve the frequency restoration and active power sharing problems within a finite time, if there exists a settling time, T f , such that all N inverters satisfy
III. DISTRIBUTED FINITE-TIME CONTROL
In this section, the following notations are used.
A. Voltage Restoration
In the voltage restoration problem, the input and output are u i = V ni and y i = v odi , respectively, and d i = 0 in (5) [3] . To relate the control inputs, u i , to the outputs, y i , the second derivative of y i is calculated
where 
We construct a continuous distributed finite-time stabilizing controller for the systems in (18) as
, and l ij denotes the (i, j)th entry of matrix (L + G). It is noted that
From (17) and (19), we can get the finite-time stabilizing voltage controller as
Lemma 1 [19] : Suppose there exists a continuous function
2) There exist real numbers d > 0 and 0 < ρ < 1 such thaṫ
Let T
i.e., V (t) reaches zero at finite time T
Using control protocol (21), the distributed finite-time voltage restoration problem in (13) is solved. The settling time, T v , is shown in (31) .
Proof: The global form of (18) can be formulated as networked double-integrator systems
From (24), we can get
Since the matrix (L + G) is positive definite, systems (18) are globally finite-time stable if and only if (25) is globally finite-time stable. Consider the Lyapunov candidate function
Differentiating (26) yieldṡ
It is seen that system (25) is globally asymptotically stable. Moreover, for any k > 0, we have
which indicates that (25) is a homogeneous system. Define
where the set v = {(X, Y ) :
Following a process similar to [30] , we can geṫ
By Lemma 1, let T v denote the time taken by the solution starting from the initial point (X 0 , Y 0 ) to reach the origin. Then,
Therefore, the distributed finite-time voltage restoration problem in (13) is solved at T v . Remark 1: Using feedback linearization, the nonlinear dynamics of each DG in (4) and (5) are transformed to networked double-integrator systems in (18) . Then, solving the distributed finite-time voltage restoration problem in (13) is equivalent to globally stabilizing the double-integrator systems (18) in a finite time. From (31), we can calculate the upper bound of the voltage convergence time, T v . It is seen that the convergence time depends on three factors: the global communication graph structure L + G, the control gains γ 1 , γ 2 , c 1 , and c 2 , and the initial values.
Remark 2: The control protocol (19) is motivated by [30] . However, [30] only deals with the finite-time stabilization problem of a single double-integrator system, while in our case, Theorem 1 extends the results to the finite-time stabilization problem of networked double-integrator systems.
B. Frequency Restoration and Active Power Sharing
For frequency restoration and active power sharing problems, the input and output are u i = ω ni and y i = ω i , respectively, and d i = 0 in (5) [3] . Moreover, the zero dynamics of (4) and (6) are stable for the inverter model in [28] . To apply the feedback linearization approach, differentiate (11) to obtain the first auxiliary control input u f
Differentiate n Pi P i in (15) to obtain the second auxiliary control input u pi
Then, the control input ω ni is written as
The auxiliary control inputs u fi and u pi are chosen based on the relative measured information of inverters neighboring on the communication graph as
and
where c f > 0 and c p > 0 are control gains. 0 < κ < 1. Protocols (35) and (36) are motivated by [14] , but have multiple control objectives. Define error terms as
For an undirected communication network,
Differentiating the error terms in (37) and (38) yieldṡ
Lemma 2: [14] : For an undirected network, one has
(41) Lemma 3: [31] : For an undirected graph G, the Laplacian matrix L (G) has the following properties.
1) Next, we show how to solve both synchronization problem in (14) and consensus problem in (15) using a single protocol u Fi in (34).
Theorem 2: By using the control protocol (34), the distributed finite-time frequency restoration and active power sharing problems in (14) and (15) 
.
Proof: Consider the candidate Lyapunov function
Differentiating (43) yieldṡ
By Lemma 2, (44) can be formed aṡ
Define
Based on Lemma 3 and Lemma 4, one has
Therefore, (45) can be reformulated aṡ
Let
For an initial state, if V 2 (0) = 0, by Lemma 1, one has
i.e., V 2 (t) reaches 0 at finite time
which completes the proof. The block diagram of the overall distributed finite-time secondary controller, including frequency and voltage terms, is shown in Fig. 3 for the ith inverter.
Remark 3: The novelty of Theorem 2 is that: we first extend the result of [14] to a finite-time synchronization problem of multiagent systems with a tracking value. Then, we utilize auxiliary control protocols (35) and (36) for multiple control objectives. Specifically, u fi in (35) is for the finite-time frequency restoration problem, and u pi in (36) is for the finite-time active power sharing problem. Finally, by using the control input ω ni in (34), the distributed finite-time frequency restoration problem in (14) and the active power sharing problem in (15) in islanded ac microgrids can be solved simultaneously with the single distributed control protocol in (34) at each agent, as seen in Fig. 3 . By contrast, the stability proofs of frequency control in [4] , [10] , [25] , and [27] show that the two control objectives are achieved only in the steady state. Moreover, Theorem 2 extends the result in [25] to a more general protocol in (34)-(36). 
Remark 4:
The upper bound of convergence time for the secondary frequency controller including frequency restoration and active power sharing is established in Theorem 2. From (42), it is seen that the convergence time depends on both the smallest eigenvalue of (L f + G f ) and the second smallest eigenvalue of L p , with (L f + G f ) and L p given in Definitions 1 and 2. The convergence time can be set by tuning the control gains κ, c f , and c p .
Remark 5: Guo et al. [27] investigated the finite-time voltage restoration control and distributed frequency control, subject to certain control input constraints. The main differences between this paper and [27] are: First, using detailed proofs based on Lyapunov techniques, we extend the results of finitetime stabilization control of a single double-integrator system in [30] to the finite-time stabilization problem of networked double-integrator systems, and apply it to the finite-time voltage restoration control problem. Second, the upper bound on the convergence time of the voltage restoration control, T v , is clearly established in (31) . Finally, as opposed to [27] , the finite-time secondary frequency control problem is also solved in this paper, using detailed Lyapunov-based proofs, and the corresponding upper bound on the convergence time, T f , is established.
IV. CASE STUDIES
An islanded 50-Hz, three-phase inverter-based ac microgrid is used to verify the proposed finite-time control protocol. Fig. 4 depicts the microgrid system that includes four inverter-based DGs and two loads. The full dynamics of each inverter, (4) and (5), are given in [4] and [28] . The electrical parameters of DGs, lines, and loads are summarized in Table I . To focus on restoration behavior in islanded microgrids, the controller behavior is studied once the islanding transients have passed, and the secondary controller is intentionally deactivated, leading to frequency and voltage deviation from the reference value. This simulation study is divided into three stages: Therefore, stage 1 reveals that, without the secondary control, the voltage and frequency deviate from their reference values. Once the secondary control (21) and (34) are activated at stage 2, the voltage and frequency terms are restored to their reference values in a finite time. Moreover, the secondary control is shown to be effective at rejecting the load change at stage 3.
To verify that the upper bound on convergence time can be set by tuning the control gains, two control setups (Case 1 and Case 2) with different control gains are investigated. Without loss of generality, we set the control gains as in Table II To show the faster convergence, the proposed voltage controller (21) is compared with the conventional asymptotic voltage controller in [3] and the proposed frequency controller (34) is compared with the conventional asymptotic frequency controller in [4] . Note that, both controllers in [3] and [4] are asymptotic controllers that guarantee the global asymptotic stability of the systems, and hence, the convergence rate are exponential. While, in this paper, the proposed control protocols can converge to the tracking value or consensus value in finite time.
Figs. 5 and 6 show the performance of the proposed finite-time protocols in Case 1 and Case 2, respectively. To reveal a marked contrast, Fig. 7 depicts the comparative evaluation of voltage, frequency, and active power of DG 1 in Case 1. One can observe that: 1) the proposed finite-time protocol leads to a faster convergence and more accurate performance compared to the conventional control approach in [3] and [4] for both controller activation and load change scenarios; and 2) with a much higher control gain, the conventional asymptotic voltage and frequency controllers in [3] and [4] might obtain similar performance for the islanded situation at stage 1, but the proposed finite-time protocol achieves better disturbance rejection properties in the load change scenario at stage 3. In addition, it is well understood that the controller of [3] and [4] may excite the high-frequency unmodeled dynamics due to the requirement for higher control gains [23] .
The settling times of the proposed finite-time secondary controller and the conventional secondary controller for both Case 1 and Case 2 are listed in Table III . The upper bounds of the settling time, T v and T f , for the proposed controller, are given in (31) and (42), respectively. It is shown that, for both cases, As expected, the settling times of the conventional asymptotic controller is about 140%-180% longer than that of the proposed finite-time controller. Finally, the proposed method is compared against the asymptotic frequency controller in [27] using the same control parameters of Case 1. Fig. 8 shows the compared frequency performance of the controller in [27] and the proposed finitetime frequency controller in this paper. As seen, the proposed controller leads to a faster convergence than the conventional asymptotic frequency controller in [27] .
It is worth mentioning that, from (31) and (42), T v and T f depend on the global communication graph structure (L + G). Therefore, once the microgrid grows in size, the global communication graph structure will change, and hence, the upper bounds on the convergence times will change accordingly. Nevertheless, note first that our protocols are distributed and sparse so that they are scalable to large networks. Specifically, the computation complexity of the controls depends not on the total number of inverters, N , in the network, but only on the number of neighbors of each inverter. Moreover, for any given microgrid size, one can reasonably expect accelerated convergence using finite-time control protocols compared to asymptotic controllers. Finally, practical islanded microgrids are smallscale power systems for mission-critical applications, and are usually limited in size to only several inverters.
V. CONCLUSION
Distributed finite-time restoration problems, for both voltage and frequency terms in islanded ac microgrids with an undirected connected communication network, were addressed. The voltage control protocol, based on the feedback linearization approach, was designed to restore the voltage magnitude at each DG to its reference value in a finite time. A finite-time control approach was proposed to restore the microgrid frequency to the nominal value, and share the active power among DGs based on their power ratings. Lyapunov proofs establish the upper bounds for convergence time of the proposed secondary controller. Numerical simulations show that, compared to the conventional distributed controller, the proposed finite-time scheme improves the synchronization speed, with a guaranteed bound on the convergence time, and achieves better disturbance rejection properties.
